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PERIODICITY PROPERTIES OF THE COLORED JONES
POLYNOMIAL
HIROKI MURAKAMI
Abstract. The ”color” in the colored Jones polynomial is an integer param-
eter. In this paper, a periodic pattern of the values of the colored Jones poly-
nomial at the second and the third roots of unity is found. If we substitute −1
to the colored Jones polynomial, the value is alternately 1 or the determinant
of the given link. When it comes to substituting the primitive third root of
unity, another periodic pattern appears.
1. Introduction
The colored Jones polynomial is a framed link invariant. It is a sequence of
Laurent polynomials in one variable with integer coefficients and indexed by a
positive integer N , the color. Let JK,N (q) be the N−colored Jones polynomial of a
link K with indeterminate q. Note that JK,2(q) coincides with the ordinary Jones
polynomial. The main theorems of this paper are the following.
Theorem 1.1. For any 0-framed knot K and natural number N , we have
|JK,N (−1)| =
{
1 (N is odd)
detK (N is even).
Here detK = JK,2(−1) is the determinant of K.
Note that JK,2(−1) = ∆K(−1), where ∆K(t) is the Alexander polynomial of K.
Along these lines, we also have
Theorem 1.2. For l ∈ Z, we obtain
JK,N
(
e
2pi
√
−1
3
)
=


0 (N = 6l)
1 (N = 6l+ 1)
1 (N = 6l+ 2)
0 (N = 6l+ 3)
−1 (N = 6l+ 4)
−1 (N = 6l+ 5).
Organization. In section 2, we describe the so-called cabling formula of the colored
Jones polynomial. In section 3, we prove our main theorems.
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2. Colored Jones polynomial
Let JK,N (q) be the N -colored Jones polynomial with indeterminate q. We state
a useful formula first to prove our results.
Theorem 2.1 ([1], Theorem 4.15). Let K be a framed knot. Then
JK,N (q) =
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
JKN−1−2j (q),
where KN−1−2j denotes the 0-framed N − 1− 2j cable of K. This formula is called
the cabling formula.
This formula says that the N -colored Jones polynomial can be computed using
the ordinary Jones polynomial of cables.
3. Value at Some Roots of Unity
In this section, we examine the evaluation of the colored Jones polynomial at
the second and the third roots of unity. Note that our results are only proven in
the case of knots, that is, 1-component links.
3.1. Second Root of Unity. Substituting the primitive second root of unity −1
to the colored Jones polynomial, we obtain the following.
Theorem 3.1. Let K be a 0-framed knot. Then
|JK,N (−1)| =
{
1 (N is odd)
detK (N is even).
Proof. For all N ∈ N≥2, we have
JK,N (q) =
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
JKN−1−2j(q)
by the formula in Theorem 2.1. Using some well-known properties of the Jones
polynomial and the Alexander polynomial, we obtain
JK,N (−1) =
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
JKN−1−2j (−1)
=
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
∆KN−1−2j (−1)
=
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
∆K
(
(−1)N−1−2j
)
·∆TN−1−2j,0(−1),
where Tp,q denotes the (p, q)-torus knot. If N − 1 − 2j is neither 0 nor 1, then
∆TN−1−2j,0(−1) = 0 because TN−1−2j,0 is split. Note that we use the satellite
formula to compute the Alexander polynomial of the cable.
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(1)N − 1− 2j = 0: For N − 1− 2j to be 0, N must be an odd number. Since
the upper number of the binomial coefficient must exceed the lower number,
we obtain an equality 0 = n− 1− j ≥ j. It is equivalent to j = 0, thus
|JK,N (−1)| =
∣∣∣∣∣∣
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)∣∣∣∣∣∣ =
∣∣∣∣∣∣
⌊N−1
2
⌋∑
j=0
(−1)j
∣∣∣∣∣∣ = 1.
(2)N − 1− 2j = 1: For N − 1− 2j to be 1, N must be an even number. Then
|JK,N (−1)| =
∣∣∣∣∣∣
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
|∆K(−1)|
∣∣∣∣∣∣
= |∆K(−1)|
∣∣∣∣∣∣
⌊N−1
2
⌋∑
j=0
(−1)j(j + 1)
∣∣∣∣∣∣
= |∆K(−1)|
because we have j = 0 and j = 1 in this case.

3.2. Third Root of Unity. We examine the values of JK,N (q) at another fixed
value of q. The main result of this subsection is the following.
Theorem 3.2. Let K be a knot. Then
JK,N
(
e
2pi
√
−1
3
)
=


0 (N = 6l),
1 (N = 6l+ 1),
1 (N = 6l+ 2),
0 (N = 6l+ 3),
−1 (N = 6l+ 4),
−1 (N = 6l+ 5).
Proof. From the fact that JK,2
(
e
2pi
√
−1
3
)
= 1 (See [2], for example) and by the
formula in Theorem 2.1, we have
JK,N
(
e
2pi
√
−1
3
)
=
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
JKN−1−2j ,2
(
e
2pi
√
−1
3
)
=
⌊N−1
2
⌋∑
j=0
(−1)j
(
N − 1− j
j
)
.
Thus it suffices to show the combinatorial identity
⌊n
2
⌋∑
j=0
(−1)j
(
n− j
j
)
=


1 (n = 6l),
1 (n = 6l+ 1),
0 (n = 6l+ 2),
−1 (n = 6l+ 3),
−1 (n = 6l+ 4),
0 (n = 6l+ 5).
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Here we put n = N − 1. Let the left hand side of the previous equation be an.
To verify the statement, we construct a generating function for an. That is, we
construct a formal power series f(x) whose coefficient of xn is an. Since
(1 − x)0 =
(
0
0
)
(1 − x)1 =
(
1
0
)
−
(
1
1
)
x
(1 − x)2 =
(
2
0
)
−
(
2
1
)
x+
(
2
2
)
x2
(1 − x)3 =
(
3
0
)
−
(
3
1
)
x+
(
3
2
)
x2 −
(
3
3
)
x3
...
(1 − x)k =
(
k
0
)
−
(
k
1
)
x+ · · ·+ (−1)k
(
k
k
)
xk
...
and an =
(
n
0
)
−
(
n− 1
1
)
+
(
n− 2
2
)
+ · · ·+ (−1)⌊
n
2
⌋
(
n− ⌊n
2
⌋
⌊n
2
⌋
)
, the coefficient of
xn in
f(x) = (1 − x)0 + x(1 − x) + x2(1− x)2 + · · · =
∞∑
n=0
xn(1− x)n
is an. Since f(x) can be expanded as
f(x) =
1
1− x(1 − x)
=
1 + x
1 + x3
= (1 + x)
∞∑
k=0
(−1)kx3k
=
∞∑
k=0
(−1)k(x3k + x3k+1)
=
∞∑
l=0
(x6l + x6l+1 + 0x6l+2 − x6l+3 − x6l+4 + 0x6l+5),
we have the desired result. 
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